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Three-String junctions are allowed configurations in II B string theory which 
preserve one- fourth super symmetry. We obtain the 11-diniensional supergravity 



j^ ■ solution for curved membranes corresponding to these three-string junctions. 

In the last few years, there has been lot of interest on three-string junctions in Type II 
B string theory IQ- 0. It was orginally postulated by Schwarz that string theory can also 
admit multi-junction/multi-pronged strings as fundamental objects |jl|. In Ref. [0, it has 
been shown that the gauge field configurations in F-theory on K3 for exceptional groups 
can be accounted only if multi-pronged strings besides the usual strings (two-pronged) 
are included as solutions in string theory. The one-fourth BPS nature of three-string 
junction was conjectured in |]I|] and proven in 0, 0. These three-pronged strings/three- 
string junction connecting three D3-branes gives understanding of ^-th BPS states of the 
*E-mail: rama@theory.tifr. res. in, ramadevi@phy.iitb.ernct.in 



SU{3) super yang-mills theory on the coincident three- DS-branes]^, and their SU{N) 
generahsations presented in Ref. 0. 

With enough evidence for such a junction configuration to be present in string theory, 
it is very essential that these junctions emerge as exact solution of supergravity field 
equations. Till date, attempts in 10-dimensions have failed due to the singular nature 
at the junction. The hope is that smoothening the junction would help in finding the 
solution. Hence, we look at curved membranes in M-theory corresponding to three-string 
junctions in II B theory. The supergravity solution for planar membranes corresponding 
to fundamental strings §] gives us some idea in solving the curved case. The solution 
for such curved membranes representing three-string junction in IIB theory, after the 
forthcoming (tedious) calculations, are given in eqns. (|6ll , |62|)P]. It is important to stress 
that the mathematical limitations (analytic solution for a non-linear differential equation) 
enables us to obtain only an implicit supergravity solution for three-string junction. 

The two dimensional membrane corresponding to three-string junction is given by 
holomorphic curve [H: 



f{u, v) = ^{u - X,){v - A2) - V^ = , 



where u and v are functions of complex coordinates U and V in R^ x T^. 

We begin by making an ansatz for the 11-dimensional metric qmn respecting SO {6) 
symmetry and gauge fields Amnp ( M, A^, P = 0, 1, . . . 10) 



ds^ = —ao{u,u,v,v,r)dt'^ + 2g^p{u,u,v,v,r)dx'^dx'' 

10 
+a^{u,u,v,v,r)Y,{dx"'Y , (2) 

A = Ao^p{u,u,v,v,r)dx^ Adx'' A Adx", (3) 

where r^ = Z)m=5(^™')^ ^^^ ^° = t, x'^ = u, v; x" = u, v. 

^We came across a recent paper [|l2[ where a similar form appeared for localised orthogonal intersecting 
membranes. 



The vielbeins e^// and inverse vielbeins E^^ for the metric ansatz in the upper triangular 
form: 
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where the indices with hat refers to tangent space index distinguishing them from world 
volume indices. The arbitrary functions a^'s and three- form components must be reduced 
to fewer number of unknowns by requiring that the field configuration (0, ^) preserve 
one-fourth supersymmetry. In other words, there must exist Killing spinors satisfying 

DMt = (5) 

where Dm is the supercovariant derivative appearing in the gravitino supersymmetry 
transformation, 

S-ijJM = Due, (6) 

Dm = Qm + ^^M ^AB 



}-iTl?''' + ^T^QHl,)FpQRS (7) 
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where Fmnpq = 4c)[m^7vpq]- Here T^ are the D = 11 Dirac matrices obeying 



where rj^j^ = diag(— , +, + ...+) and 

^AB...C ^ ^[A^B ■ ■ ■'^c] (9) 

and r's with world volume index can be converted to tangent space index using vielbeins. 
We will split the ll-dimensional F matrix respecting 5*0(6) symmetry in the following 

way: 

ri = (z7d®r7,l®Sa) (10) 

where 7q, and Sa are the D = 5 and D = 6 Dirac matrices and 

r7 = SgSg...s,o. (11) 

satisfying the following properties: 

%lualv% = i ; r^ = -1 (12) 

To simplify the computations, we shall first impose the following constraints on e 

7«e = ; 7^e = ; T^e = -ie , (13) 

which in the 1 1-dimensions gives one- fourth BPS nature of the curved membranes corre- 
sponding to three-string junction- viz., 

rir2r5...rioe = e, (i4) 

r3r4r5...rioe = e. (15) 

With the above constraints, the spin connection on the spinor field can be simplified to 

{um)ab^^^^ = EjEpRSMMT^^e (16) 

In our background (|^, ^, we shall now examine eqn.(|^). After incorporating one-fourth 
BPS condition (p^, we get 

Doe = doe+ [-7o7''(a„lnao) + -7o7''(<9^ Inao) 



4 o 



o 
+ -S„7"(a„lnoi) + -S„7"(a„lnai^ 



— yOo ^(SmS" - S"S„)/J - -j^ V ^0 ^SmT""-^ 



^2vVs„7V +-Vao"'//]e = 



I>«e = a,e + [- {g^'^'duguu + g'^'d.g. 



(17) 



i\ an 



+g''''d,guu + ^™5„r7.«) + ^777^ /]e = 
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D,e = d,e + [- ((7^^9,(7,, + g^'d^g. 



D^e = due - [- {g^'^'duguu + g'^'^d^guu + ^''*''9{;^,,i 



+ ^7™ {d,9uu - dug.u) - S-7'^-v/ao-^(/"F 



- g-^Q) + S™7«- Vao^'(/^P - g'^^'Q) 



o 



+7™{anAo™ + 9^Ao„s}) + -\/aQ^K]€ = , 
D^e = d^t - [- (g'^'^d^g^^ + g'^'^d^guv + g'^'^duguv 
+g''''d^g,,) - -^TTfdmgv, - is™7«a„^„, 
- ^7™ {dug., - 5.fe) - S-7«^v^(/-i? 



^..^) + S™7^- Vao-^((7"«i? - g^'^S) 



+ -Vao"' (S'"7«a^Ao,„ - TTfd^A^u, 



(19) 



(20) 



(21) 



t\ a, 







-r^iduAo., + d,Ao,u}) + ^^L]^ = , (22) 
where 

+g^'^d,r.A,,o (23) 
/ = g'"^duAyjjo — g'"'^duAuvo + g^^d^Ayuo 

-g^'^d^Aum (24) 
J _ g'^'^duAuvo ~ g^^duAyyQ + g^^o^Auuo 

-/"a,A,o (25) 

-< = [guu(ymAyyO — guv(ymAuvO) (20) 

Q = {guu(ymAuyO + guvC'mAuuO) (2 ' ) 

i^ = (fi''"'f?i}^OMv ~ g^^dyAouu + g^^OuAyyQ 

-/"5^^«o) (28) 

-R = (fi'TO^^m^uuO ~ gvudmAyuo) (29) 

•^ ~ (S'lJijC'm^iiMO + gvuUmAmo) ("jU) 

/, = (^'""t/uAtjOv ~ g^^duAov^, + g^^OyAuuo 

-g'^'^d.A^.o) (31) 
From eqn.(|l^), equating the respective T terms we get, 

^oe = , (32) 

7o7"(^a>ao + ^V^/) = 0, (33) 

7o7''(^9Jnao + ^V^J) = 0, (34) 

7oS'"(-^a^lnao-^V^i/) = 0. (35) 



Similarly equating the respective F terms in (|T^) we get: 



i 



9„e = -^^aQ^He , (36) 
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i I I 

-a„lnai = — yof^^j , 

1 i I 

-ajnai = —^a^^J , 

1 



i I I 

Comparing the above equations with eqns 



3^, ^), we deduce 
<9„e = -{dnlnao)e , 
dm}n\/aQ^ = drJnai 



d,,hi\/ar 



suggesting a relation 



-1 



(37) 
(38) 
(39) 

(40) 
(41) 
(42) 

(43) 



ui — V • V ^/ 

Clearly, we have not used the actual form of g^p and Aq^p in deducing the relation between 
ao and oi. We will see that the equations obtained by comparing F terms in ( pT| , p^ ) will 
help us to determine three- form components and gfj_p. The set of equations we get from 
equating the respective 7 terms in (|2lD are 



due - [- {g^'^'duguu + ^™5^^«« + g'^'d^g^u 

+g'"'dug.u) + ^\f^K]€ = 0, 

^'^Yi-ld^mg.u - ^V^(<?^"F - ^"^Q) 

+ ^yao^dmAofi^} = , 
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t / 

-A/ao OmAouu} = 

o 

1 i I 

7™{-(9^,5f„s - dugvu) + -yaQ^{duAQu 
4 o 



O 

+5t,^o««)} = . 



(44) 



(45) 



(46) 



(47) 



Similarly, we get the following set from eqn.(p2D: 

dve - [- {g'^'^d^g^^ + c^^a^^™ + ^""9^^™ 






+ 7 V«^ -^^^o™} = , (49) 

o 



^""i^i-^d^g., + ^\/^(^"^/? - g'^-S) 



'gVCto^^m^O™} = , (50) 



1,^ ^ . I 



7™{-7(^«fi'™ - dyQuv) - TrVflo ^(^m^i 



o 

+9„A,„)} = . (51) 



There are at least three solutions solving eqns. (|33 - |5lD . 

1) For a sub-class of membranes satisfying N = |(?u/p + 19^,/^ = const: 



ds^ = H^{r, I/I) [-dt^ + 2\du\^ + 2\dv\^ 
-^\df\') + Hhr, I/I) (|=M/P + f:dxl}j 



(52) 



A = ^^H^ir, \f\){-dt A * (rf/ A df)} (53) 

e = eoi/^(r,|/|) (54) 

where the Hodge star operation * is done on the R^ x T^ space. The three-form potential 
in component form for the above metric, in the convention e"™*" = +1^ simplifies to: 



AoH = ^^H-\r,\f\)\^J\\ 
1 



A[ouv] = -i—f^ \r,\f\)dufdijf 



1 



AoH = -.H-\r,\f\)\dJ\ 



2 



^M = -i^H-\r,\f\)dJdJ (55) 

This restricted class includes holomorphic curves f = pu + qv representing planar mem- 
branes corresponding to (p, q) strings in IIB theory which preserve half supersymmetry. 
The membrane solution for f = u and f = v agrees with the results in Ref.|P]. 
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2) Intersecting M2 ± M2 branes at a point / (7^ , [i7|/ : 

10 

+2/7r'WM«l' + 2i/2-i(r)|dt;|2 + ^((ix^)'} (56) 

A = iH^^dt AduAdu + iH^^dt A dv A dv (57) 

e = eoH^H? (58) 

where eo is a constant and Hi{r), H2{r) are harmonic functions dependent only on the 
transverse coordinates common to both the branes. These solutions are meaningful only 
if U, V are compact coordinates with the charges being smeared over the branes. 

(a) For a coordinate transformation u = Xi + ix4 ; v = X2 + ix^, the usual Kaluza- 
Klein reduction along X3 on the above metric and T-duality along X4, gives the following 
ten-dimensional string metric: 

dsjo = -H^{r)H^\r)dt^ + H^{r)dxl 

+HUr)H^\r)dxl + H^r) E i^XmY ■ (59) 

m=4 

This represents delocalised solution for orthogonal intersection of fundamental string along 
X2 and D string along Xi. 

(b) For another coordinate transformation u = {Z1T2 — T1Z2) , v = Z2, where zi = 
Xi + ixi, Z2 = X2 + ixs, we obtain the following metric after dimensional reduction along 
X3 and T-duality along x^. 



ds% = B{r){-H,^{r)H^\r)dt^ + H^{r) 

{dxiT2 - dx2Tif + H-\r)H^{r)dxl 
1 1 10 \ 

+H!{r)T^^dxl + HUr) ^ (dxj^ , (60) 



in=5 



where B{r) = J\ + H^ ^{r)H2{r)Tl. This solution is the simplest planar network of 
F-strings and D-strings directed along (0, 1) and (— r2, n) in the (xi, X2) plane. 

9 



General planar network involving [pi, qi], [p2, ^2] strings can be similarly obtained using 
the coordinate transformation : u = Pi{t2Zi — T1Z2) — qiZ2 , v = ^22^2 — P2{t2Zi — TiZ2). 

The equivalence of delocalised orthogonal intersecting strings with general planar net- 
work of strings is expected because the delocalised solution in M-theory ( |58D has no 
information about the intersection point or the subspace containing the two M2-branes. 



Hence eqn. ( p^ j also represent delocalised solutions for the membrane corresponding to 
general planar network of strings. 

In order to distinguish the intersecting membranes from curved membranes corre- 
sponding to three-string junction, we have to look for fully or partially localised solutions. 

3) Arbitrary membranes including those corresponding to three-string junction 

ds^ = -H~dt'^ + 2H~G^p{u,u,v,v,r)dx''dx^ 
10 
+^^^(dxj2 (61) 

m=5 

A = iH^^G^pdxo A dx^ A dxp (62) 

e = eoH^ , (63) 

where G^p is Kahler and the function H is 

The metric in terms of the Kahler potential K is 

G^p = d^d,K . (65) 

The embedding of the membrane (|l]) in the metric can be seen by performing the following 
holomorphic coordinate tranformation with unit Jacobian: 

{u,v) ^ (a,/3) , (66) 

u — Xi 



where a = y (tt — Ai)(w — A2) ; P = a\n 



V — X-2 



The membrane surface in the new coordinate is / = a — vXj^. This membrane is 
different from the intersecting membranes given hj u = Xi;v = X2. We hope to see this 
difference from partially or fully localised supergravity solution. 

10 



We are now left with the task of determining the form of K from the equations of 
motion for three-form gauge field in the presence of the curved membrane as the source: 

FmnopFqrst) = J (x) 

-L (''-^membrane 

where the membrane action is 



(67) 



>^ membrane -^ / " ^iV Oet/i 



--e''''^daX^'d,X''d,XPAMNp} . (68) 

6 

Here hab = daX^dhX^GuN is the induced metric on the membrane. 

Choosing ^o = t-,^i = P, ^2 = P, we obtain the three-form current for the holomorphic 
membrane / to be 

J'^^ = -^^6\f)5\x^) . (69) 



Substituting the 3-form potential and metric (61, 62) respecting one-fourth supersymme- 
try, we get 

d,d, {2H + d^'^dmdnK) = J,, (70) 

where 



The above non-linear equation cannot be solved analytically. Perturbative approach over 
Minkowskian backgrounds gives integral representation for K which is dependent on j'^p 
0. Since juu = S'^{u)6^{r), j^jj = 6'^{v)6^{r) for the intersecting membranes is different 
from that of the curved membranes (|69|), the integrands of the integral representation for 
K are distinct. 

In this approach [|T^, we expand the Kahler potential K = I]„ -ftT*-"^ and hence the 
metric Gmn = Y,i Gmn- Minkowskian background implies that we take the zeroth-order 
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K^^^ = uu + vv so that Gmn = ^mn- Further, comparing n-th order terms in eqn. ([fO|) 
gives a set of differential equations. Using this set, we get a formal integral representation 
for K^"'^ involving the lower order metric components. However, the goal to obtain ex- 
plicit closed form expression for localised or partially localised solution from the integral 
representation is still unsolved. 

It has been shown, for certain classes of orthogonal intersections and holomorphic 
curves, that the perturbation theory breaks down when there are more than three trans- 
verse dimensions |T^. This breakdown of the perturbation theory suggests that no such 
fully localized solutions exist with asymptotically flat boundary conditions. However, 
perturbation theory suggests that such solutions do exist when there are less than three 
transverse dimensions. So, for sufficiently smeared versions of the sources, one expects 
that the solutions could be obtained numerically even if an exact analytic form cannot be 
found. 

It is not clear at this stage whether perturbation theory over other backgrounds like 
planar membrane background would help in finding a closed form expression. We hope 
to pursue this isssue in future. 

The fully localised or partially localised supergravity solutions is also needed to under- 
stand the map of bulk parameters to boundary gauge theory parameters to prove AdS- 
CFT correspondence. Such near- horizon or AdS metric for intersecting branes |T3| , |14| 



and intersecting M5-branes [T^ corresponding to NS5-D4 branes in II A theory []K| has 
been obtained. 

The procedure elaborated for one-fourth BPS states can be generalised to construct 
supergravity solution for other non-planar networks []T^ |TB]. The challenging problem of 



finding closed form expression for localised/partially localised solutions still remains. 
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